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We study the ground-state properties of a two-component fermionic mixture effectively confined in
a one-dimensional harmonic trap. We consider scenarios when numbers of particles in components are
the same but particles have different masses. We examine whether it is possible to detect signatures of
an unconventional pairing between opposite-spin fermions in the presence of attractive interactions.
For this purpose, we perform the exact diagonalization of the many-body Hamiltonian and study the
two-particle reduced density matrix. In agreement with expectations, we confirm that the many-body
ground state is dominated by conventional pairs with a negligible total momentum for a small mass
imbalance. Furthermore, we show that for sufficiently large mass ratios the domination of fundamen-
tally different pairs is established and the Fulde-Ferrel-Larkin-Ovchinnikov phase is supported. Finally,
we argue that the two mechanisms can coexist in the regime of moderate mass ratios. In view of
the current experimental progress in obtaining ultra-cold fermionic systems in a few-body regime, our
predictions can be validated in the state-of-the-art experiments.
I. INTRODUCTION
The discovery of superconductivity by Onnes [1] pro-
vided one of the most challenging phenomena for a the-
oretical explanation. After many unsuccessful attempts
and failed theoretical propositions [2], Cooper made a
luminous observation that the effective attraction be-
tween opposite-spin particles can lead to the sponta-
neous formation of correlated two-particle states above
the Fermi sea [3]. This opened a path towards the appro-
priate theory of superconductivity, which was finally for-
mulated by Bardeen, Copper, and Schrieffer [4]. In the
simplest case of a balanced mixture of fermions, paired
particles have opposite spins and momenta (i.e., a neg-
ligible center-of-mass momentum). The pairing is pos-
sible, since the Fermi spheres of both components are
identical. More specifically, the single-particle excitations
from one surface can be adjusted to excitations from an-
other surface. Although the initial theory concerned elec-
trons moving in metallic crystals, it quickly became ap-
parent that the pairing mechanism is fundamental and
present in various strongly-correlated systems, like heavy
nuclei [5, 6], neutron stars [7, 8] (for comprehensive re-
view see [9]), or ultra-cold mixtures of fermions [10–
12]. What is more, footprints of correlated pairs have
been recently found experimentally in the ultra-cold sys-
tem of a few 6Li atoms confined in the almost perfect
one-dimensional harmonic trap [13]. These experimen-
tal findings are consistent with the theoretical descrip-
tion in terms of the Cooper pairing mechanism [14–16].
The picture is more complicated when components
do not comprise the same numbers of particles and the
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Fermi surfaces are not compatible. Then, as indepen-
dently predicted by Fulde and Ferrel [17] and Larkin and
Ovchinnikov [18] (FFLO), the formation of correlated
pairs requires a relative shift of the Fermi spheres. Con-
sequently, the pairing with a non-zero total momentum
is supported. It is currently believed that both phases
(i.e., the standard Cooper pairing and FFLO pairing) can
be established in the same regime of parameters, but the
FFLO phase is energetically favorable [19]. Although the
latter still awaits a clear experimental evidence, recent
results of measurements in ultra-cold quantum gasses
are promising [20]. Moreover, it was shown theoreti-
cally that the FFLO phase is supported and should be de-
tectable in one-dimensional spin-imbalanced fermionic
systems containing only a few atoms [21].
It has been argued that the FFLO mechanism of pair
formation is present also in two-component systems
with balanced numbers of particles but different masses
[22, 23]. This scenario is rather rare in standard solid-
state systems since it can only be achieved effectively
by forcing the component-dependent dispersion relations
[24, 25]. On the other hand, it can be obtained directly
in ultra-cold atomic systems by preparing mixtures of
atoms with different masses, like lithium-potasium [26–
28] or dysprosium-potasium [29].
All above facts motivated us to further explore the
properties of attractively-interacting fermionic mixtures
with a mass imbalance. In this paper we focus on a par-
ticular and exotic system, in which specific signatures of
the FFLO phase can be captured. Namely, we focus on a
few ultra-cold fermions confined in a one-dimensional
external trap. We analyze their properties mostly in
terms of the Penrose-Onsager criterion for the conden-
sation of correlated pairs [11, 30]. More specifically,
we study the occupations and momentum correlations
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2of dominant orbitals of the two-particle reduced density
matrix. In this way, we extend recent results on the
Cooper-like pairing in mass-balanced systems [14] and
in mass-imbalanced systems [31]. In the latter case, the
shot-noise correlations and inter-component entropies
were examined.
II. THE SYSTEM
In our theoretical model, we consider a two-
component system of interacting fermions moving in a
one-dimensional harmonic trap of frequency ω. We as-
sume that the trap is identical for both components con-
taining fundamentally different atoms (with a different
mass, spin, etc.). This is encoded in a generalized quan-
tum number σ ∈ {↑, ↓}. The many-body Hamiltonian
can be written in the real-space representation as
Hˆ =
∑
σ
∫
dx Ψˆ†σ (x)hσΨˆσ (x) +
+ g
∫
dx Ψˆ†↑(x)Ψˆ
†
↓(x)Ψˆ↓(x)Ψˆ↑(x) (1)
where hσ is the single-particle Hamiltonian of the com-
ponent σ comprising kinetic and potential energy terms
hσ = − ~
2
2mσ
d2
dx2
+
mσω
2
2
x2. (2)
We assume that interactions between particles from dif-
ferent components can be modeled with a zero-range δ-
like potential of strength g. This approximation is rea-
sonable and relevant to experiments in ultra-cold quan-
tum gases [32]. It should be emphasized that the meth-
ods originating in the Feshbach resonance phenomenon
and based on varying the external confinement in per-
pendicular directions allow to tune the effective one-
dimensional scattering length between atoms, and con-
sequently the strength of contact interactions in these
systems [33–35]. These interactions are prohibited for
particles with the same spin by the Pauli exclusion prin-
ciple. Let us mention that Ψˆσ (x) is a fermionic field op-
erator, which annihilates a σ-spin fermion at position x
and obeys conventional fermionic anti-commutation re-
lations, {
Ψˆσ(x), Ψˆσ′(x
′)
}
= 0,{
Ψˆ†σ(x), Ψˆσ′(x
′)
}
= δσσ′δ(x− x′).
(3)
Furthermore, the many-body Hamiltonian (1) commutes
with the number operators, Nˆσ =
∫
dx Ψˆ†σ(x)Ψˆσ(x). As a
result, the two-component mixture can be studied in the
independent subspaces in which populations of atoms,
N↑ and N↓, are individually fixed. In the following, we
consider a balanced number of particles (N↑ = N↓ =
N/2) and attractive interactions (g < 0).
For a convenience, we rewrite all quantities in the di-
mensionless units, i.e., we express all energies in ~ω,
lengths in the harmonic oscillator length of a spin-
up particle
√
~/(m↑ω) and the interaction strength in√
~3ω/m↑. With this convention, the mass m↑ is set to
unity and only the mass ratio µ = m↓/m↑ is a relevant
parameter. Without loosing generality, we assume that
µ ≥ 1.
In this work we investigate the ground-state proper-
ties of a two-component fermionic system in the exact
diagonalization approach. First, we rewrite the many-
body Hamiltonian (1) in a convenient representation, in
which a single-particle basis comprises eigenstates of hσ,
Hˆ =
∑
iσ
iaˆ
†
iσaˆiσ + g
∑
i,j,k,l
Iijklaˆ
†
i↑aˆ
†
j↓aˆk↓aˆl↑, (4)
where i =
(
i+ 12
)
is a single-particle energy indepen-
dent of spin and aˆiσ is the operator annihilating a σ-spin
particle from the i-th harmonic oscillator state described
by the wave function φiσ(x). Furthermore,
Iijkl =
∫
dxφ∗i↑(x)φ
∗
j↓(x)φk↓(x)φl↑(x). (5)
The representation (4) is obtained, when a decomposed
field operator,
Ψˆσ (x) =
∑
i
φiσ(x)aˆiσ, (6)
is introduced into (1). Next, we perform the exact di-
agonalization of the many-body Hamiltonian using the
implicitly restarted Arnoldi method [36]. For this pur-
pose, we restrict the single-particle basis to the n lowest-
energy eigenstates of hσ. For a one-dimensional system
with at most Nσ = 5 particles, n = 10 provides reliable
results for sufficiently weak interactions. This has al-
ready been demonstrated in [31]. Finally, we obtain the
lowest-energy eigenstate |G0〉 of the many-body Hamil-
tonian Hˆ and exploit it to determine the ground-state
properties of a two-component fermion system.
III. THE VARYING MASS RATIO
We aim to determine the ground-state properties of a
two-component fermion system for different mass ratios.
In particular, we want to establish whether the conven-
tional paired phase undergoes a transition to any of un-
conventional paired phases (e.g., the fragmented phase
with more than one dominant eigenvalue of a two-body
reduced density matrix [37] or the FFLO phase with
Cooper-like pairs moving with a non-zero center-of-mass
momentum [38, 39]). It is not trivial to describe the con-
densation of Cooper-like pairs in a one-dimensional sys-
tem of a few fermions, since the off-diagonal long-range
order is replaced by the power-decaying law [38, 39].
3As a result, the mean-field considerations are of a lim-
ited benefit. Nevertheless, some research in this direc-
tion has been performed. For example, the conventional
paired phase has been studied in terms of a two-particle
reduced density matrix of opposite-spin fermions in the
mass balanced scenario [14]. In the case of atoms with a
different mass, it has been demonstrated that the system
displays an apparent spatial separation of components
for repulsive interactions [40]. Simultaneously, the inter-
component correlations are quickly suppressed with in-
creasing µ for attractive interactions. All it means that
the unconventional paired phase can be dominant in a
narrow, if any, regime of mass ratios µ. In the following,
we examine this possibility.
The pairing of opposite-spin fermions, as a two-
particle correlation phenomenon, is encoded in a two-
particle reduced density matrix,
ρ2(ij; kl) =
1
N↑N↓
〈G0| aˆ†i↑aˆ†j↓aˆl↓aˆk↑ |G0〉 . (7)
This density matrix can be expressed in a diagonal form,
i.e., as a linear combination of projection operators onto
its eigenstates |λα〉,
ρ2 =
∑
α
λα |λα〉 〈λα| . (8)
The probabilities that eigenstates are occupied corre-
spond to λα and satisfy the condition
∑
α λα = 1. Two-
particle orbitals |λα〉 can be represented by correspond-
ing wave functions in the position or the momentum rep-
resentation as
Λα(x, y) =
∑
ij
C
(α)
ij φi↑(x)φj↓(y), (9a)
Πα(p, k) =
∑
ij
C
(α)
ij φ˜i↑(p)φ˜j↓(k). (9b)
Here C(α)ij are the decomposition coefficients of a two-
particle orbital |λα〉 =
∑
ij C
α
ij aˆ
†
i↑aˆ
†
j↓|vac〉 obtained from
the diagonalization of the density matrix (7), while
φ˜iσ(p) =
∫
dxφiσ(x)exp(−ipx) is the Fourier transform
of a wave function of a single-particle orbital.
Along with the Penrose-Onsager criterion [41, 42], if
a certain eigenvalue λ0 dominates in the decomposition
(8), the two-particle reduced density matrix ρ2 can be
approximated by a single projection operator |λ0〉 〈λ0|.
Namely, the system can be described as a condensate of
pairs occupying orbital |λ0〉. As a result, the collective
pairing of opposite-spin fermions is characterized by a
significant domination of a certain orbital over other or-
bitals.
To make further analysis as clear as possible, we first
investigate eigenvalues of a two-body reduced density
matrix ρ2 for a mass-balanced system (µ = 1). When
interactions are negligible (i.e., in the limit g → 0), ex-
actly N↑N↓ eigenvalues equal to (N↑N↓)−1 are non-zero.
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FIG. 1. The three largest eigenvalues of a two-body reduced
density matrix for a system comprising N = 8 particles. The
first vertical line marks the mass ratio µ1 for which the ap-
proximation of ρ2 by a single projection operator is no longer
valid, while the second line marks the mass ratio µ2 for which
the dominance is recovered. We suspect that another pairing
mechanism is supported in this regime of parameters (i.e., for
g ≈ −5 and above µ2). Note that the mechanism is less ef-
fective than the conventional one (i.e., fewer particles form
Cooper-like pairs) and it is related to a different eigenstate of
a two-body reduced density matrix. The horizontal line marks
the non-interacting value (N↑N↓)−1. (inset) Egienvalues λα of
the two-particle density matrix (7) as functions of interactions
for a mass-balanced situation µ = 1.
However, only one increases with increasing attraction
g and quickly dominates the remaining eigenvalues (i.e.,
λ0). This behavior of the eigenvalues has been observed
previously [14] and it is in line with expectations, since
atoms are more willing to form pairs when the attraction
is stronger (see inset in Fig. 1).
Subsequently, we select the interaction strength for
which the dominance of |λ0〉 is significant (we take
g = −5), and we explore the evolution of all eigenval-
ues in a varying mass ratio µ. The latter is presented in
Fig. 1 for the three largest λα and systems of N = 8 par-
ticles. It is clearly visible that the gap ∆λ = λ0 − λ1 is
diminishing with increasing mass ratio µ. Consequently,
the approximation of a two-body reduced density ma-
trix by a single projection operator becomes less justified
for larger mass ratios µ until it completely breaks down.
Eventually, when µ > µ1 ≈ 2.5 is exceeded (marked by
the first vertical grey line in Fig. 1), the second largest
eigenvalue surpasses its non-interacting value (N↑N↓)−1
(marked by the horizontal grey line in Fig. 1). There-
fore, the system can no longer be described as a con-
densate of pairs in |λ0〉. A similar transition was ob-
served in previous studies in terms of inter-component
correlations [31]. Situation is slightly different when
the mass ratio µ is further increased. It turns out that
above µ2 ≈ 3.5 (marked by the second vertical grey line
4in Fig. 1), the initially largest eigenvalue drops below its
non-interacting value (N↑N↓)−1 and the dominance of
the initially second eigenstate is established. It is worth
noting that in this regime the dominance is much weaker
than in the regime of a small mass-imbalance. Further-
more, the order of eigenvalues is changed, i.e., the role
of a dominant orbital is taken over by another eigen-
state of a two-body reduced density matrix. The occu-
pation of a different two-particle orbital signals that an-
other pairing mechanism can be activated. Only when
this mechanism becomes inefficient, heavier atoms de-
correlate from lighter atoms as argued in [31].
IV. MOMENTUM CORRELATIONS
If the hypothesis outline above is correct and another
pairing mechanism is supported in a two-component
fermion system above µ2, it should be manifested in the
correlations between momenta of atoms occupying the
dominant orbital (in this case |λ1〉). These can be estab-
lished by considering the probability density of finding a
pair in given a momentum configuration |Πα(p, k)|2. We
present this distribution in the left column of Fig. 2 for
systems comprising N = 8 particles and different mass
ratios µ. For a minor mass imbalance (when |λ0〉 dom-
inates) the distribution |Π0(p, k)|2 is non-vanishing only
in a close vicinity of a diagonal line k = −p (marked
by the grey line in Fig. 2). Furthermore, it slowly
spreads over the configuration space with increasing µ,
and finally slightly shifts towards a non-zero center-of-
mass momentum for large values of k and p. Recall
that the off-diagonal long range order is replaced by the
power decaying law (i.e., the algebraically decaying off-
diagonal long range order) in one-dimensional systems
[43]. Therefore, a perfect anti-correlation between mo-
menta of opposite-spin fermions is not expected.
In contrast, the probability density is abruptly modi-
fied for a major mass imbalance (µ > µ2 where |λ1〉 is
dominating). Strictly speaking, it is negligible for config-
urations with zero center-of-mass momentum, and com-
prises maxima located on both sides of a diagonal line
k = −p. This modification seems to be present for
systems comprising arbitrary numbers of particles and
more pronounced for larger N (Fig. 3). It indicates
that the FFLO-like pairing mechanism is activated in a
two-component fermion system [17, 19]. More specif-
ically, Cooper-like pairs with a non-zero center-of-mass
momentum, either +Q or −Q, are formed.
At this point we remark that the probability density
of a dominant orbital |Πα(p, k)|2 reflects some proper-
ties of the so-called shot-noise correlations G(p, k) pub-
lished in [44], which can be measured in the expansion
experiments [45–47]. As argued in [44], the separa-
tion of the distribution G(p, k) for a spin-imbalanced sys-
tem signals the appearance of the FFLO phase (see [21]
for details). However, signatures of Cooper-like pairs
with a non-zero total momentum have not been found
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FIG. 2. (left column) The probability density of finding a pair
of atoms occupying the dominant orbital |λα〉 in a momentum
configuration |Πα(p, k)|2. For a minor mass imbalance, the dis-
tribution is non-vanishing only in a close vicinity of a diagonal
line k = −p. The latter is marked by a gray line. Simulta-
neously, for a major mass imbalance, the distribution develops
two elongated maxima. They are located on both sides and
equally spaced from a diagonal line k = −p. (right column)
The probability density integrated over a momentum of a single
atom. See the main text for details.
in the shot-noise correlations of a mass-imbalanced sys-
tem [31]. This should not be surprising, since the FFLO
signal is proportional to the number of paired particles
(determined by the dominant eigenvalue λα), which is
significantly smaller in the regime of a major mass imbal-
ance. Recall that an analogical reduction has been pre-
dicted for a superconducting order parameter, at least in
quasi-one-dimensional systems with a non-zero polariza-
tion [39, 48, 49]. Nevertheless, we have closely exam-
ined the shot-noise correlations published in [31] (see
Fig. 2 therein). When momenta of atoms are small, the
particular pattern confirming the existence of Cooper-
like pairs cannot be seen in the shot-noise picture. In
other words, there are no correlations between k and
p. However, two robust maxima located on the opposite
corners of the configurations space can be distinguished.
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FIG. 3. The comparison of probability densities |Π1(p, k)|2 for
systems comprising N = 8 and N = 10 particles and a large
mass imbalance. Maxima located on both sides of a diagonal
line k = −p, which signal the appearance of the Fulde-Ferrel-
Larkin-Ovchinnikov phase, are present in both cases.
They are equally spaced from a diagonal line p = −k
and related by the inversion symmetry. Therefore, we
are convinced that subtle signatures of the Fulde-Ferrel-
Larkin-Ovchinnikov pairing are present in the distribu-
tion G(p, k), although they have not been previously rec-
ognized. This suggests that the unconventional paired
phase realized in one-dimensional mass-imbalanced sys-
tems can be observed in ultra-cold quantum gas experi-
ments.
V. THE TOTAL MOMENTUM OF A PAIR
Cooper-like pairs with a non-zero center-of-mass mo-
mentum, ±Q, are formed when opposite-spin compo-
nents have incompatible Fermi surfaces [19]. In polar-
ized systems, the incompatibility is provided by unequal
particle numbers or chemical potentials of opposite-spin
components. Furthermore, it has been demonstrated
that the center-of-mass momentum ±Q is proportional
the difference in Fermi momenta [43]. This can be
easily translated into the dependence on particle num-
bers or chemical potentials. In the considered one-
dimensional system placed in a harmonic trap, the defini-
tion of a Fermi momentum is not straightforward. Never-
theless, the mass imbalance leads to unequal densities of
opposite-spin components [19]. As a result, the incom-
patibility as well as the Fulde-Ferrel-Larkin-Ovchinnikov
phase, as we have demonstrated in the previous para-
graph, is obtainable. It is natural to wonder whether
there is a simple dependence between the center-of-mass
momentum ±Q and the mass ratio µ. To find the answer
to this question, we have integrated the probability den-
sity of a dominant orbital |Πα(p, k)|2 over a momentum
of a single atom. In this way, we obtained the following
function,
γ (Q) =
∫ ∞
−∞
dp |Πα(p, p−Q)|2. (10)
The latter is presented in the right column of Fig. 2
for systems comprising N = 8 particles and different
mass ratios µ. In line with expectations, for a minor
mass imbalance µ < µ1, the probability density γ (Q) is
strongly peaked aroundQ = 0 and vanishes with increas-
ing center-of-mass momentum. However, the peak splits
into two maxima when the mass ratio exceeds µ2. These
maxima are symmetrically arranged around Q = 0. We
have established that their relative distance is almost in-
dependent from the strength of interactions g. Simulta-
neously, it grows with the mass ratio µ as demonstrated
in Fig. 4a. Moreover, the most probable FFLO momen-
tum Qmax (i.e., the value of Q for which the function
γ(Q) is maximal) fits almost perfectly to the linear func-
tion of a mass ratio µ (Fig. 4b).
VI. THE COEXISTENCE OF PAIRED PHASES
According to [39], the conventional paired phase and
the Fulde-Ferrel-Larkin-Ovchinnikov phase can coexist in
a narrow range of parameters. Motivated with these re-
sults, we establish whether this is the case also in the con-
sidered systems, i.e., strictly one-dimensional with the
incompatibility of Fermi surfaces provided by the mass
imbalance. For this, we search for non-trivial correla-
tions between momenta of opposite-spin particles in a
range of moderate mass ratios µ1 < µ < µ2 for which λ0
and λ1 are comparable. This is demonstrated in Fig. 5.
When the probability density γ0 (Q) calculated for one
orbital is maximal near Q = 0, the probability density
γ1 (Q) calculated for another orbital comprises two max-
ima located on opposite sides and at the same non-zero
distance from Q = 0. It means that for the moderate
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FIG. 4. (a) The probability density γ (Q) for different mass ra-
tios µ > µ2 and N = 8. (b) The most probable FFLO momen-
tum Qmax as a function of mass ratio. The linear dependence
is clearly visible.
mass ratios, the two-component fermion mixture is in a
fragmented state, in which a two-body reduced density
matrix ρ2 can be approximated as a linear combination
of two projection operators [37]. In other words, differ-
ent pairing mechanisms are simultaneously active, and
different condensates of Cooper-like pairs coexist in the
system.
VII. CONCLUDING REMARKS
We investigated the evolution of ground-state proper-
ties of a two-component fermion system with a mass ra-
tio of components µ. In agreement with previous studies
[31], we observed that one eigenstate of a two-body re-
duced density matrix ρ2 is dominant for a minor mass im-
balance µ. Therefore, the matrix ρ2 can be approximated
as a single projection operator, while the mixture can
be described as a condensate of Cooper-like pairs with
 m=3.5
FIG. 5. The coexistence of pairing mechanisms. The proba-
bility density γ (Q) calculated for |λ0〉 (a) and |λ1〉 (b). These
two-body orbitals correspond to the two largest eigenvalues of
a two-body reduced density matrix, respectively. Systems com-
prising N = 8 particles for moderate mass ratios µ ∈ [2.5, 3.5]
have been considered.
a negligible center-of-mass momentum. We also showed
that the dominance of other two-particle orbital is estab-
lished for a major mass imbalance. Studies of correla-
tions between momenta of atoms revealed that in this
case the pairing mechanism is not conventional. More
specifically, the Fulde-Ferrel-Larkin-Ovchinnikov phase –
in which Cooper-like pairs move with a non-zero mo-
mentum – is supported. This momentum is a linear func-
tion of a mass ratio. Additionally, it is independent of a
strength of attractive interactions. Finally, we demon-
strated that conventional and unconventional pairing
mechanisms can coexist for the intermediate mass im-
balances. In this case, the mixture is in a fragmented
state, in which a two-body reduced density matrix can
be approximated as a linear combination of two projec-
tion operators.
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